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ABSTRACT: The free energy of mixing globular colloids (spheroidal and ellipsoidal) and singly-dispersed
flexible and linear polymer chains in an incompressible solvent (continuum) is formulated. The deformable
and penetrable nature of the polymer coils (apparent in both polymer-polymer and polymer—colloid
interactions), as well as the rigid and impenetrable nature of the globular colloids, is incorporated in evaluating
the contributions of repulsive steric and short-ranged attractive interactions to the free energy of mixing.
The interaction potentials, evaluated by combining a Monte Carlo scheme and the polymer solution theories
of Flory and Flory and Krigbaum, are cast in terms of effective hard-sphere potentials (which are nonadditive)
in order to evaluate the osmotic pressure and subsequently derive the chemical potentials of the colloid and
the polymer at constant temperature and pressure. With an increase in polymer molecular weight, the
increased deformability and penetrability of the polymer coils to the colloid can lead to qualitatively different
trends in the molecular weight dependence of the chemical potential of the colloid, as compared to the case
where the polymer coil is treated as a rigid body characterized by its radius of gyration. The influence of
a weak and short-ranged attraction between the polymer-coil segments and the colloids on the predicted
thermodynamic properties also reflects the increasing diffuseness of the polymer coils with increasing polymer
molecular weight. This theoretical framework is used to predict the partitioning behavior of globular proteins
in a two-phase aqueous poly(ethylene oxide) (PEQ)-dextran system. To predict experimentally observed
trends in protein partitioning behavior with increasing PEO molecular weight, the inclusion of both repulsive
steric and weak attractive interactions is necessary. The strength of the attractive interaction between a
polymer-coil segment and the protein molecule appears to increase with protein size up to approximately 0.1
kT, although the overall interaction (which includes the steric interaction) remains repulsive. The effect of
shape asymmetry on the predicted partitioning behavior of an ellipsoidal bovine serum albumin protein
molecule is evaluated and found to be different from that corresponding to a spherical protein having the
same volume. This observation suggests that protein shape (conformation) can be a significant factor in

determining the partitioning of proteins in two-phase aqueous polymer systems.

1. Introduction

An important contribution to the free energy of mixing
of solutions which contain colloids and flexible polymers
arises from the translational and configurational degrees
of freedom available to these macromolecular species.l-3
Specifically, the translational degrees of freedom arise from
the many positions that the centers of mass of the species
can assume, while the configurational degrees of freedom
reflect the different conformations that the flexible
macromolecules can adopt for a fixed position of their
centers of mass. In all macromolecular systems, the
existence of a variety of interactions, for example, weak
attractive interactions of the van der Waals type or strong
repulsive steric (excluded-volume) interactions, restricts
the translations and the configurations which can be
sampled by the species within the system. While the
translations are influenced by the interactions between
macromolecules, the nature of these interactions can, in
general, also reflect their internal configurational states.
It follows, therefore, that the configurations of macro-
molecules can also reflect, in general, a balance of the
interactions within and between species. However, when
there are strong cohesive interactions within macromol-
ecules (and particles) and only weak interactions between
species, their configurational states (the shapes) are only
weakly perturbed by interparticle interactions. An ex-
ample of a system where there is a clear separation of the
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intraparticle and interparticle interactions is a solution of
gold orsilicasols where the individual sols are held together
by short-ranged, yet very strong, “chemical” forces (me-
tallic or covalent bonds, respectively), and only weak van
der Waals interactions exist between the sols.45 In
contrast, many other colloidal systems exhibit rather weak
interactions within the colloidal particles. In that case,
the configurational state of the colloidal particles is greatly
influenced by both the interactions within the particles
and between particles. An example of such a system is a
micellar solution containing aggregates of surfactant
molecules (micelles).6® Inthis case, the “physical” forces,
such as hydrophobic forces, which in aqueous solution are
responsible, in part, for the self-assembly of the surfac-
tant molecules into fluidlike and deformable aggregates,
are similar in nature and strength to the interactions
occurring between micellar aggregates. Indeed, the wide
variety of shapes and sizes of micelles that are observed
experimentally in aqueous surfactant solutions reflects,
in general, the delicate nature of the balance between in-
tramicellar and intermicellar interactions.

Another class of systems in which the above-mentioned
considerations are important is aqueous solutions con-
taining globular proteins and flexible linear polymers.2-1!
Changes in the configurational state of flexible linear
polymers in response to variations in solution conditions,
such as polymer concentration, have been documented
both experimentally and theoretically.312-14 The average
radius of gyration of a polymer coil within an entangled
polymer network, for example, decreases with increasing
polymer concentration.!?-4 Indeed, under certain con-
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ditions, a concentration-dependent collapse of the chain
to a globular state is observed.!5 Similarly, proteins are
delicately folded linear polypeptide chains having average
conformations which generally reflect a balance between
the “physical” and “chemical” forces acting within the poly-
peptide chain, as well as the interactions occurring between
the polypeptide chain and its surrounding environment. 16
For example, upon addition of anionic surfactant mole-
cules, such as sodium dodecyl sulfate, or other denaturants,
such as urea, to an aqueous protein solution, a protein will
typically undergo a gross conformational change from a
highly structured and compact globular state to a more
expanded and tenuous random-coil conformation.1”18

In arecent paper,1® hereafter referred to as paper 1, the
important role of the interactions between polymers and
proteins in determining the protein partitioning behavior
in phase-separated aqueous polymer systems was empha-
sized. In particular, the influence of these interactions on
the free energy of mixing proteins and polymers was
examined in the context of a scaling-thermodynamic
formulation. Inthe course of that work many of the more
general issues associated with the evaluation of the free
energy of mixing macromolecules were encountered. Spe-
cifically, the need to consider the potential coupling of
interactions between macromolecules and interactions
within macromolecules was discussed. The purpose of
the present paper is twofold: (i) to address many of the
important and unresolved issues related to the free energy
of mixing globular proteins and flexible linear polymers
in aqueous solution which were identified in paper 1 and
(ii) to shed light on the more general problem of the role
of deformability and penetrability in evaluating the free
energy of colloidal systems, where the deformability of
the particles arises from the coupling of intracolloid and
intercolloid interactions.

For the sake of brevity, the reader is referred to two
recent reviews of previous theoretical work dealing with
protein partitioning in two-phase aqueous polymer sys-
tems.202! Below we summarize only the essential points
needed for the theoretical developments presented in this
paper.

As was discussed in paper 1, in the poly(ethylene oxide)
(PEO)-dextran-water two-phase system, a transition
occurs in the nature of the top PEO-rich phase, from a
solution of identifiable polymer coils to a solution of
extensively interpenetrating polymers, with increasing
PEQ molecular weight.!® In this transition region, the
protein partition coefficient, defined as the ratio of the
protein concentrations in the top and bottom phases,
respectively, was observed to decrease.?223 However, for
sufficiently high molecular weights of PEO, where PEO
was extensively entangled, the protein partition coefficient
was observed to be independent of the PEO molecular
weight, reflecting the fact that the protein “lost sight” of
the PEO coils within the entangled polymer mesh.1?
Furthermore, it was observed that the ability of a protein
to “sense” the transition in the underlying solution
structure correlated with the size of the protein species.
Specifically, large proteins, for example, catalase (R, = 51
A), exhibited large changes in their partition coefficients,
whereas small proteins, such as cytochrome ¢ (R, = 17 A),
were insensitive to changes in the structure of the
solution.’® For the purpose of the present paper we will
confine our treatment to polymer solutions in the “dilute”™
regime, since it is in this regime that one observes the
greatest sensitivity of the protein partition coefficient to
changes in PEO molecular weight.!® In a separate paper,
we will discuss the rather different situation of proteins
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interacting with entangled polymer solutions.2

In a typical PEO-rich solution phase which contains
lowmolecular weight PEQ (M < 10 000 Da), the individual
polymer coils which interact with the protein may be larger
or smaller than the protein molecules.® It is important
to point out that this situation is in sharp contrast with
the extensively-studied case where a colloid, for example,
a silica sol, interacts sterically with a flexible polymer
that is significantly smaller than the s01.25-30 In that case,
the polymer coil and sol are essentially impenetrable to
each other, so that, in effect, one can represent the steric
interaction potential between the two particles asa simple
hard-sphere repulsion.?% Note that the range of this
steric repulsion is given by the sum of the globular colloid
radius and the polymer radius of gyration, R,.2-% Incon-
trast, in the protein partitioning case, where the polymer-
coil size can become large compared to the size of the
globular protein, the polymer coil can no longer be
represented effectively as an impenetrable sphere of size
R, since an increased number of polymer-coil configura-
tions allow the protein to penetrate the volume occupied,
on average, by the polymer.l® To model this interesting
situation and at the same time be able to exploit some of
the available useful results for hard-sphere systems, we
have chosen to generalize the conventional treatment of
excluded-volume hard-sphere interactions. Specifically,
we have represented the polymer coil as an effective hard-
sphere whose size reflects the permeability of the polymer
coil toward the protein. In other words, due to the
penetrable and diffuse nature of the polymers, one expects
that, as the polymer molecular weight increases, the
effective hard-sphere size associated with the polymer
should increase more slowly than that corresponding to
a rigid impermeable particle. It is this new physical
situation, dealing with excluded-volume interactions be-
tween particles possessing different degrees of penetra-
bility, which does not appear to have received much
attention in the past, but which is essential to the treatment
of protein partitioning in two-phase aqueous polymer
systems, that we address in this paper. Indeed, in section
6 we show that if the penetrability of the polymer coil to
the protein is neglected, within the context of our
theoretical framework, qualitatively different trends in
the molecular-weight dependence of the protein partition
coefficient are predicted.

In paper 1 of this series it was shown that, under certain
experimental conditions (see section 2),!° the change in
the logarithm of the protein partition coefficient, Aln K,
accompanying a change in PEO molecular weight can be
related simply to the change in the standard-state chemical
potential of the protein, Au®p4, in the top (t) PEO-rich
polymer solution phase, that is

Au®
— M

where £ is the Boltzmann constant and T is the absolute
temperature. The standard-state chemical potential of
the protein in the top phase corresponds to the free-energy
change upon introducing a single protein molecule into
the top polymer solution phase from a phase containing
pure solvent. Therefore, this term captures the effects of
the direct interactions of the protein with the polymers
as well as the influence of polymer—polymer interactions
on the protein. Note that protein—protein interactions
are not considered because in the limit of vanishing protein
concentration, corresponding to the experimental condi-
tions,??23 they make a negligible contribution to the
observed partitioning behavior. In paper 1, mathemat-

AlnK, =-
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ically-simple geometric and scaling arguments were de-
veloped to probe the qualitative form of the standard-
state protein chemical potential, and thus the protein
partition coefficient, reflecting both protein-polymer and
polymer—polymer interactions.!® A picture emerged which
suggested that the change in the partition coefficients of
proteins, which is observed to accompany a change in the
PEO molecular weight, Ms, reflects a delicate balance of
several competing factors. First, the influence of steric
interactions between proteins and polymers on Aln K| is
toincrease the protein partition coefficient with an increase
in M,, a behavior which is opposite to that observed
experimentally. Second, the influence of the polymer—
polymer interactions is to decrease Aln K with increasing
M,, a behavior which is consistent with that observed
experimentally.’® However, within the framework of the
scaling-thermodynamic approach presented in paper 1,
due to (i) the truncation of certain expansions at second
order in the expansion parameter, (No/ V)Us, where No/ V
is the number density of polymer coils in the solution and
Uy, is the polymer—polymer effective excluded volume, (ii)
the unknown precise values of the polymer—polymer
excluded volume, Us, and (iii) the additional influence of
polymer—polymer excluded-volume effects (within a poly-
mer coil) on the magnitude of the protein—polymer
excluded volume, Uy, it became evident that, in order to
evaluate the relative roles of the protein—polymer and
polymer—polymer interactions on the predicted protein
partitioning behavior, a more quantitative approach was
required.

In view of the possibility that steric effects alone could
not predict the observed protein partitioning behavior, in
paper 1 we also examined the influence of a weak attractive
interaction between the protein molecules and the PEQ
coils on the standard-state chemical potential of the
protein. For the sake of brevity the reader is referred to
paper 1 where a detailed discussion of this term is presented
and the possible physical origins of the attraction are
discussed. However, it is pertinent to mention that while
the attractive interaction between a PEO coil and a protein
molecule was shown to increase with increasing PEO mo-
lecular weight, when the opposing influence of the de-
creasing number density of polymer coils, No/V, was
included, an increase in the standard-state protein chem-
ical potential, and hence a decrease in the protein partition
coefficient, was predicted. Recall that this trend in the
protein partition coefficient is consistent with that ob-
served experimentally.?22 However, we could not estimate
the strength of the attraction needed to account for the
observed partitioning behavior, as this required evaluating
the additive effects of steric and attractive interactions
on the protein chemical potential. Such a quantitative
prediction was beyond the scope of paper 1, where the aim
was to establish a sound physical description of these
systems as a basis for more detailed theoretical formu-
lations. In this spirit, using paper 1 as the foundation, we
present here a more quantitative account of protein
partitioning in two-phase aqueous polymer systems.

Each of the issues outlined above is addressed in this
paper, and, in particular, we develop a quantitative account
of protein—polymer and polymer-polymer interactions,
including the relative importance of their contributions
to the standard-state protein chemical potential. We
reveal that very weak attractive interactions can have a
marked effect on the qualitative nature of the predicted
protein partitioning behavior. In these evaluations, by
combining liquid-state®-33 and dilute polymer-solu-
tion theories,34-3¢ along with a simple Monte Carlo
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evaluation,’-3 we include (1) the influence of the de-
formability and permeability of the polymer coils on their
interactions with globular proteins, (2) the partial per-
meability of polymer coils to each other (which varies with
the solvent quality), and (3) the contributions of higher-
order interactions between polymer coils and proteins. In
addition, we investigate the influence of the protein shape
on the partitioning behavior of proteins. Specifically, we
evaluate the influence of deviations from sphericity
(ellipsoidal shape) on the predicted standard-state protein
chemical potential.

The remainder of the paper is organized as follows. In
section 2, ageneral thermodynamic framework that relates
thermodynamic quantities at constant solvent chemical
potential to those at constant pressure is developed.
Within this framework, using an equation of state for a
binary hard-sphere mixture, the chemical potentials of
the hard spheres are evaluated. In section 3, the com-
ponents of the hard-sphere mixture are identified with
the protien and the polymers, and the effective hard-sphere
interaction potentials describing steric protein~polymer
and polymer—polymer interactions are evaluated. Sub-
sequently, in section 4, within the thermodynamic frame-
work at constant pressure, the protein chemical potential
in solutions containing flexible linear polymer molecules
is evaluated. The dependence of the standard-state
protein chemical potential on polymer molecular weight
as well as on protein shape and size is also reported. In
section 5, the additional effect of weak attractive protein—
polymer interactions on the protein chemical potential is
evaluated. In section 6, we discuss our findings and
compare our predictions with earlier thermodynamic
formulations of protein partitioning in two-phase aqueous
polymer systems.

2. Thermodynamic Framework

As discussed in paper 1, under the experimentally
accessible conditions of (i) vanishing protein concentration,
(ii) essentially constant weight fractions of polymers in
the coexisting phases, (iii) negligible dextran concentration
in the PEO-rich phase, and (iv) negligible PEO concen-
tration in the dextran-rich phase, the change in the protein
partition coefficient with PEO molecular weight can be
related simply to the standard-state chemical potential of
the protein (see eq 1).12 Note that for the range of
conditions over which we compare our theoretical for-
mulation with experiments, electrostatic interactions, due
to the charged nature of the proteins and salts, do not
determine the observed protein partitioning behavior.
Therefore, we have not included electrostatic interactions
in this theoretical formulation. In general, however, a
theoretical description of protein partitioning which is
applicable to all experimental conditions will require the
incorporation of electrostatic effects. Since the system
pressureis held constant in the experimental measurement
of the protein partition coefficients, we present here an
evaluation of the chemical potentials of the protein and
PEO in an ensemble at constant pressure. For the
evaluation of the thermodynamic properties of solutions
containing solvent, salts, polymers, and proteins we treat
the species as incompressible and approximate the solvent
in the presence of salts as a structureless continuum, which
is justified by the large size of the proteins and polymers
as compared to that of the solvent molecules. The present
treatment contrasts with that presented in paper 1, where
a simplifying approximation was made and the protein
chemical potential was evaluated holding constant the
solvent chemical potential.l® A comparison of the pre-
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dicted standard-state protein chemical potential at con-
stant pressure, P, with that at constant solvent chemical
potential, u;, is presented and further discussed in section
6.

In Appendix A, a derivation is given of a general
thermodynamic framework relating the chemical potential
of species | in an incompressible solvent at constant
pressure to that at constant solvent chemical potential.
This development is particularly useful because it enables
us to make use of some existing analytical results for the
chemical potentials of hard-sphere mixtures which were
derived at constant solvent chemical potential.4® It is
noteworthy that in the protein partitioning case the
evaluation of the protein and polymer chemical potentials
is simplified considerably by the fact that we are concerned
with the limit of vanishing protein concentration, namely,
¢p — 0.1° In this limit, with the understanding that the
polymer chemical potential, us, becomes independent of
protein concentration, it is shown in Appendix A that the
following condition must be satisfied:

@l (3]
1- 2
062 1pg, Bt I Tid, ®

Equation 2 is a central result that is used to evaluate
changes in the protein chemical potential at constant
pressure from changes in the protein chemical potential
occurring at constant solvent chemical potential. The
latter quantity has been evaluated previously for hard-
sphere systems.*

We present an evaluation of the protein chemical
potential at constant pressure using a description of the
system in terms of effective hard-sphere sizes. This
approximate representation of the system is justified in
view of the following considerations. First,itis emphasized
that we account for the deformability and penetrability
of the polymer coils (both for polymer-polymer and for
polymer-protein interactions) through the careful choice
of the effective hard-sphere sizes of both polymers and
proteins (see section 3). Second, we realize that, in general,
equations of state for simple hard-sphere systems will not
be sufficient to describe complex systems such as protein-
polymer mixtures. This is due to the fact that different
effective hard-sphere sizes will be required to describe the
polymer hard-sphere size associated with polymer-polymer
interactions and that associated with polymer—protein
interactions. That is, such mixtures belong to the class
of so-called nonadditive hard-sphere systems.4 However,
because our aim is to describe the standard-state chemical
potential of the protein in the limit of vanishing protein
concentration, which is the relevant limit for the protein
partitioning behavior considered here, it is not necessary
toresort to equations of state for nonadditive hard-sphere
systems. This follows because one can adjust the effective
hard-sphere size of the protein species such that the same
polymer effective hard-sphere size can be used for both
polymer-polymer and polymer—protein interactions. Al-
though, in general, this approach will not predict correctly
the contribution of protein—protein interactions to the
protein chemical potential, this contribution is insignif-
icantly small in the limit of vanishing protein concentration
considered in this paper. Finally, we emphasize that in
our theoretical formulation the effective protein and
polymer hard-sphere sizes should not be identified with
the actual physical sizes of these species.

With the above considerations in mind and with the
excluded-volume interactions between proteins and poly-
mer coils, as well as between the polymer coils themselves,
represented in terms of effective hard-sphere sizes, we
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have utilized an equation of state for a binary mixture of
hard spheres at constant solvent chemical potential, as
well as eq 2, to evaluate the protein chemical potential at
constant pressure.*0 Under conditions of constant solvent
chemical potential, Jansen et al.®¢ derived the following
expression for the chemical potential of component p (the
protein, in our case) in a binary hard-sphere mixture of
components p and 2 (the polymer in our case)

), -GlnL] e
[kT - 5T +In T-¢ +apn0+3apn1+

9
3a,my + 3ap2111172 + -2-ap2n22 + 3crp31723 3)
where the parameters 7, and £ are defined by

M =&/(1-§p) 4)

and

b= 090, + 00,70 (5)

where k = 0, 1, 2, and 3 and ¢; and ¢, are the volume
fractions of the polymer and protein, respectively. Ineq
3, (u°p/ kT)isthe concentratlon-mdependent contribution
to the protein chemical potential, and in eqs 3 and 5, o
and o; are the effective hard-sphere diameters of the
polymer coils and the protein molecules, respectively.
Using eqs 4 and 5 in eq 3, then substituting the resulting
eq 3 ineq 2, and finally integrating (in the limit of vanishing
protein concentration, ¢, — 0) from ¢; = 0 to ¢o, we obtain
the following useful result:

N S R
kT RTATPgp0,~0 TPp,—0,4,~0 2 4
¢’ [ 3 2]
+1_¢2 3’«"'2’, +

T S+1In(1-¢)(-4r2+6r2-3r)+

+9.2 3 3
-6 +—2 3@
¢2[ r +3r ] 2~ ¢2)2r, (6)

where r, = ap/03. In eq 6, pp(T,P,¢2,0,—0) corresponds
to the protein chemical potential in a polymer solution
phase having an effective hard-sphere polymer volume
fraction, ¢;, and uy(T,P,05—0,¢,—>0) corresponds to the
chemical potential of the protein in a polymer-free solvent
phase. Note that the difference between these two
quantities is equal to the standard-state protein chemical
potential, u°,/kT, in eq 1 and in paper 1.19

To utilize eq 6 in eq 1, in predicting the change in the
logarithm of the protein partition coefficient, Aln K, the
two length scales, o2 and o;, need to be evaluated. Recall
that o9 is the effective hard-sphere diameter of the polymer,
which reflects the deformability and penetrability asso-
ciated with the polymer—polymer excluded-volume inter-
actions, and oy, is the effective hard-sphere diameter of
the protein, which reflects the deformability and pene-
trability associated with protein-polymer excluded-volume
interactions.

3. Effective Hard-Sphere Potentials for Steric
Interactions

The topic of polymer—polymer interactions in solutions
of identifiable polymer coils has received considerable
experimental and theoretical attention over the past few
decades.34-%641-43  Qur approach utilizes the classical
theories of Flory*! to calculate the radius of gyration of
isolated polymer coils (PEO) and Flory and Krighaum34

9, 2 [ 9, 2 ]
9T + ¢, 1+2ru

3

(1-¢)
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Table I
Comparison of the Predicted PEO Radius of Gyration, Ry,
and Measured R, from Neutron- and Light-Scattering
Experimentsé as a Function of PEQ Molecular Weight, M;,
and the Predicted Effective Hard-Sphere Radius of PEO,
R2,88, as a Function of M;

M, (Da) pred R; (A) measd R, (A) RaoH8 (R)
3000 20.4 18.9 11.4
4000 23.9 22.6 13.8
5000 27.1 26.0 16.0
6000 29.9 29.1 18.0
7000 32.6 32.0 19.9
8000 35.1 34.7 21.7
9000 37.5 37.4 23.5

10000 39.8 39.9 25.1

to calculate the effective hard-sphere diameters corre-
sponding to the effective excluded-volume interactions
between two polymer coils. The theoretically calculated
polymer-coil radius of gyration4! is substantiated through
a comparison with the radius of gyration of an isolated
PEO coil obtained using neutron-scattering and light-
scattering measurements.* To assess the validity of the
characterization of polymer-polymer interactions using
an effective hard-sphere potential over the range of
polymer concentrations encountered in two-phase aqueous
polymer systems, we have compared available vapor-
pressure measurements of aqueous PEQ solutions% with
predicted vapor-pressure values based on the use of the
theoretically calculated effective polymer hard-sphere
diameters.

Using Flory’s theory*! and the following literature values
for the physical parameters which characterize PEO in
water at 25 °C, x = 0.45,4647 [ = 1.46 A,41 »;° = 18 cm?¥/mol,
vep = 0.83 cm¥/g,*® and c. = 4.1, where x is the Flory-
Huggins interaction parameter, /2 is the mean-square
length of each bond comprising the repeat units of PEO,
»1° is the molar volume of the solvent, »,, is the specific
volume of the polymer, and c¢.. is the characteristic ratio
of the PEO chain, the radius of gyration of PEOQ was
calculated as a function of PEQ molecular weight. InTable
I, the theoretically predicted PEO radius of gyration, R,,
is compared as a function of PEO molecular weight to the
radius of gyration data extrapolated from neutron-
scattering and light-scattering measurements for PEQ in
water.# As can be seen, a good agreement exists between
the theoretical and experimental values of the polymer
radius of gyration.

The Flory-Krigbaum theory® estimates the effective
volume excluded by one polymer coil to another, Us. The
effective hard-sphere radius of a polymer coil character-
izing polymer—polymer interactions, R:HS, is calculated
by equating the expression for U; with the following well-
known expression! for the excluded volume between two
hard spheres:

U, = 327(R,,"5)%/3 )

The predicted R2HS values as a function of PEO molec-
ular weight, M), are also presented in Table I. Owing to
the possible effect of polymer—polymer interactions on
the average configuration of the polymer coils,!2-14 one
can, in general, expect the effective hard-sphere polymer
radius to exhibit a concentration dependence as the
polymer concentration increases. As this aspect of the
polymer-coil behavior was not incorporated in our de-
scription of the effective polymer-coil hard-sphere radius,
a comparison between the measured vapor pressure of
PEO in water*® and a theoretical prediction, which
explicitly incorporates the effective hard-sphere radius of
the polymer, was made to assess the range of validity of
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Figure 1. Comparison of predicted (lines) and experimental
(data points) vapor-pressure depression, P;/P°; of aqueous PEO
solutions as a function of PEQ weight fraction, wy: 3790 Da
(— and @); 9037 Da (- - and m).

our approximate treatment in terms of a concentration-
independent Rg.HS,

We have computed the vapor pressure of an aqueous
solution of PEO using the well-known result*®

Pl
P,

where P; is the vapor pressure of an aqueous PEQ solution,
P, is the vapor pressure of pure water, V°; is the mo-
lecular volume of the solvent, and Il is the solution osmotic
pressure. We have evaluated the osmotic pressure of the
polymer solution using the Carnahan-Starling equation
of state for a monodisperse hard-sphere system33% This
description of the polymer solution in terms of effective
hard-sphere sizes is consistent with our treatment of
polymer—polymer interactions in solutions of polymers
and proteins. Accordingly, the vapor pressure of the PEO
solution can be calculated as

ﬁ = ex [—V°1N2(1 +¢,+ ¢22)]
V(l - ¢2)3

where Ny/V is the number density of PEO coils in the
solution and ¢, is the effective hard-sphere volume fraction
occupied by the polymer coils in solution (¢ = 4wNo-
(R22H9)%/3V).

In evaluating the vapor-pressure depression predicted
by eq 9 and subsequently comparing it with the experi-
mental measurements reported by Haynes et al.,*® one
must consider the influence of polymer-size polydisper-
sity in the polymer samples used in the experiments. Spe-
cifically, the PEO samples used in the vapor-pressure
measurements*S had number-average molecular weights
of 3790 and 9037 Da and weight-average molecular weights
of 3860 and 11 800 Da, respectively. Since the osmotic
pressure of a polydisperse system reflects the number-
average properties,®® in computing the effective hard-
sphere radius of the polymer coils the number-average
molecular weights were used. From Table I, an interpo-
lation of the appropriate molecular weights to 3790 and
9037 Da yields effective PEO hard-sphere radii (R2HS) of
13.5 and 23.5 A, respectively. In Figure 1, the predicted
vapor-pressure depression of the aqueous PEQ solutions,
Py/P°,, as a function of polymer weight fraction, wy, is
compared to experimental measurements. For the PEO
sample corresponding to a number-average molecular
weight of 3790 Da, the reasonable agreement between the
calculated (solid line) and experimental (®) vapor pres-
sures of the PEQ solutions shown in Figure 1 suggests
that the essential nature of the polymer-polymer inter-

= g VII/AT )

9
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actions has been captured effectively. Unfortunately,
scatter in the experimental data points prevents a more
precise comparison between the theoretical predictions
and experimental measurements of the vapor-pressure
depression. However, the general agreement suggests that
such a description of the polymer-polymer interactions
will provide a reasonable estimation for their contribution
to the protein standard-state chemical potential and
associated protein partition coefficient. For the larger
PEOQ having a molecular weight of 3037 Da, the comparison
of theory (dashed line) and experiment (@) shown in Figure
1indicates that a significant difference exists beyond PEO
weight fractions of approximately 0.1. This difference
may reflect the transition in the underlying structure of
the PEO solution, from one composed of singly-dispersed
polymer coils to one characterized by an entangled mesh
of polymer coils, that can occur with either increasing PEO
weight fraction or molecular weight.® Significantly, and
as reported!? in paper 1, aqueous solutions of PEQ having
a molecular weight of approximately 10000 Da will
undergo such a transition in the vicinity of a PEO weight
fraction of approximately 0.1. With this in mind, it is
very reasonable to suggest that our description of the 9037-
Da PEO solution as one composed of separate polymer
coils becomes inappropriate above PEO weight fractions
ofaround 0.1. PEO of molecular weight 3790 Da undergoes
asimilar transition in nature, but at a significantly higher
PEOQ weight fraction of approximately 0.2 (or more). In
summary, over the range of solution conditions consistent
with the description of the aqueous PEO solution as one
containing singly-dispersed polymer species, the agreement
between the theoretical predictions and the experimental
vapor-pressure measurements is very reasonable. It is
noteworthy that this conclusion is supported by neutron-
scattering measurements which will be reported in a
subsequent paper of this series.®®

The second important type of interaction that must be
characterized to predict the protein chemical potential in
aqueous PEO solutions is the direct polymer-protein in-
teraction., First, we consider excluded-volume interactions
occurring between the protein and the polymer, and sub-
sequently, in section 5, we consider the influence of other
interactions (attractions). The steric interaction in this
case is rather more interesting than the polymer—polymer
one described earlier, since it involves two unlike species:
arather flexible, deformable and penetrable polymer coil,
and a relatively impenetrable, globular and structured
protein molecule. At®-solventconditions for the polymer,
where the configurations of a polymer chain can be de-
scribed in analogy with Brownian motion, the solution of
the diffusion equation yields the following analytical
expression for the excluded volume arising from the inter-
action of a flexible chain and an impenetrable sphere:>!

U, =4nRR’+8x'°R R, + 4xR %3  (10)

Equation 10 is not strictly applicable in the case of PEO
in water, where solution conditions at 25 °C are better
(good solvent) than ©O-solvent conditions,#448 gince
additional correlations between polymer segments will
influence the nature of the excluded-volume interaction
between the entire polymer coil and the protein. However,
consideration of this equation proves illuminating since
some qualitative features of the equation are common to
the two cases of O-solvents and good solvents. In par-
ticular, from an inspection of eq 10, it can be seen that
when the polymer coil is much larger than the protein,
thatis, R; > R,, the excluded volume scales as R R,% This
contrasts to the opposite limit where R, » R, and the
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excluded volume scales as R,3. The different functional
forms of Uy in the two limits, R, « Rgand R, >> R, reflects
the difference in the deformability and penetrability of
the protein as compared to the polymer. It is this feature
of the interaction that we have attempted to capture in
our evaluation of the protein—polymer excluded volume
away from the 0-solvent conditions. To account for the
swelling of the PEO chains, which arises from the
interactions between PEQO segments in the same coil, a
simple Monte Carlo method was developed to estimate
this excluded-volume contribution.3”-%® Although qual-
itatively one may expect the excluded volume to be similar
to that corresponding to the ©-solvent case, the purpose
of the present work is to provide a somewhat more
quantitative determination of the protein chemical po-
tential in a polymer solution. Accordingly, the steric
interaction between the polymer coil and the protein was
evaluated using a reptation method?®’ to generate the
configurations of the polymer coil (on a cubic lattice) in
the vicinity of the protein (modeled as a hard sphere or
ellipsoid). The excluded volume is evaluated as383°

U, =ve,[ o] )

where N is the number of statistical polymer segments
per polymer coil, V°, is the molecular volume of the protein,
and (m) is the number of statistical polymer segments
which simultaneously overlap the protein volume, averaged
over an ensemble of polymer-coil configurations generated
using the Monte Carlo method. Equation 11 can be
understood intuitively using the following simple argu-
ment. If all N statistical polymer segments on the chain
interact independently with the protein, the excluded
volume, U, would be equal to NV°, (the polymer segment
volume is very small compared to the protein volume).!
However, the polymer segments are not independent since
they belong to the same polymer chain, and, therefore,
their positions are correlated. The consequence of the
polymer chain connectivity is that if a single polymer
segment interacts with the protein, because it belongs to
a polymer coil, there will be, in all likelihood, other polymer
segments interacting simultaneously with the protein. This
implies a reduction of the excluded volume NV°, by the
factor {m). In addition to providing a quantitative
evaluation of the excluded volume, an additional advantage
of this general method is that it is not constrained to linear
polymer architectures or spherical protein geometries. An
account of nonspherical (ellipsoidal) protein geometries
will also be given in this paper.

To ensure the correct generation of an unbiased sample
of polymer configurations, as shown in Figure 2, the root-
mean-square end-to-end length of the polymer coil, (R2)1/2,
was evaluated as a function of the number of polymer-coil
segments, N. The data points represent the average of 10
independent runs, each consisting of 200N? attempted
polymer-segment moves, and the error bars extend a
standard deviation on either side of the average. The
dashed line in Figure 2 is a linear fit to the data points and
was used to determine the exponent relating {R2)1/2to N.
The value determined was 0.587 £ 0.018 and is consistent
with the expected value of approximately 3/5 for a self-
avoiding polymer coil in three dimensions.23

To determine the scaling prefactor that relates the
dimensions of the lattice-generated polymer coil to the
actual size of the PEO coils in aqueous solution, a
correspondence between the size of a lattice segment and
a PEO segment (a) must be established. In essence, the
number of bonds along the PEO chain that corresponds
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of a polymer coil, In ({R?)!/2), as a function of the logarithm of
the number of polymer segments per coil, In (N). The error bars
extend one standard deviation on either side of the mean value,
and the line of best fit is shown.
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Figure 3. Predicted excluded volume of polymer and protein,
Uy, as a function of PEO molecular weight, Ms: (A) cytochrome
¢, R, = 19 A; (W) ovalbumin, R, = 29 A; (@) catalase, R, = 52 A.

to the statistical-segmentsize is determined by the polymer
flexibility, that is, by ¢..#! Consistent with the known
flexibility of PEO (¢ = 4.1),! we assume that four bonds
of the PEO chain constitute one statistical segment of the
simulated polymer chain. Accordingly, the number of
statistical polymer segments within the polymer chain is
given by N = n/c.. The size of a statistical segment was
determined by requiring that the radius of gyration of the
statistical chain (with N polymer segments) equals the
radius of gyration of the PEQO chain. In order for the
dimensions of the simulated chains (see Figure 2) to equal
the measured PEQ chain dimensions (TableI), a statistical-
segment length corresponding to 4 A was determined. Note
that although the solvent condition for PEO in water does
not correspond to the athermal conditions of the simu-
lation, the departure of the solvent conditions from ather-
mal is incorporated bx choosing the effective statistical-
segment size to be 4 A3

The excluded volume characterizing the polymer-
protein interactions, evaluated according to eq 11, is
presented in Figure 3 as a function of PEQO molecular
weight. The results are presented for three spherical
protein sizes, corresponding to cytochrome ¢ (R, = 19 A),
ovalbumin (R, = 29 A), and catalase (R, = 52 K), for the
range of PEO molecular weights between 3000 and 5500
Da. From an inspection of Figure 3 it can be seen that the
excluded volume increases both with protein size and with
PEO molecular weight.

Using the excluded-volume data presented in Figure 3
and the spherical (physical) size of a protein, the effective
hard-sphere radius of the polymer coil (associated with
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Figure 4. Predicted effective hard-sphere radius of a PEO coil,
Ry 88, associated with the excluded-volume interaction with a
protein as a function of PEO molecular weight, My: (a)
cytochrome ¢, R, = 19 A; () ovalbumin, R, = 29 A; (®) catalase,
R, =52 A. Also shown is the effective hard-sphere radius of a
PE‘.O coil, RoHS, associated with the excluded-volume interaction
with another polymer coil having the same molecular weight (+).

excluded-volume interactions with a protein), RS, can
be evaluated from!

U, = 2R, + B, (12)

The predicted variation of Ry HS with PEO molecular
weight is shown in Figure 4. Owing tothe deformable and
penetrable nature of the polymer coil, R2;H8 increases both
with the size of the protein molecule and with the polymer
molecular weight. The first trend reflects the fact that,
with an increase in the protein size, there will be a decrease
in the number of polymer configurations which permit
the protein to penetrate the volume occupied, on average,
by the polymer coil. Furthermore, for a fixed protein size,
as is also reflected in Figure 4, an increase in polymer
molecular weight results in an increase in the effective
hard-sphere radius of the PEO coil. For small proteins,
the increase in the effective polymer size is less than for
thelarge proteins. This is, once again, because the fraction
of the average polymer volume which is accessible to the
protein increases with decreasing protein size. In Figure
4, for the purpose of comparison, we also show the effective
hard-sphere radius of a PEO coil associated with polymer—
polymer interactions, R2oHS (taken from Table I). It is
interesting to observe that RyoHS < Ry HS, In other words,
for the range of protein sizes investigated, the polymers
are more permeable to each other than to the protein
species.

While the above discussion of Ry, illuminates the
nature of polymer—protein interactions, it is necessary to
further develop the above result to incorporate the protein—
polymer and polymer—polymer potentials into a thermo-
dynamic framework which can predict the standard-state
protein chemical potential. In section 3 we developed a
generalized hard-sphere representation of the polymer—
protein solution, and, in so doing, we implicitly assumed
thesame polymer coil effective hard-sphere size to describe
both polymer-polymer and polymer—protein interactions.
The essential complication arises from the fact that, as
reported in Figure 4, different effective hard-sphere
polymer sizes are required to describe polymer—polymer
interactions(R22HS) and polymer-protein interactions
(R3HS). However, with a change in polymer molecular
weight, rather than attributing the change in the protein—
polymer excluded volume to a change in the effective hard-
sphere size of the polymer (R2pHS), one can distribute the
change between an effective hard-sphere protein size and
an effective hard-sphere polymer size. For our purposes
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Figure 5. Predicted ratio of the effective hard-sphere protein
and physical protein radii, RY/R,, as a function of PEO mo-

lecular weight, Ma: (&) cytochrome ¢, R, = 19 4; (@) ovalbumin,
R, = 29 A; (@) catalase, R, = 52 A.

it is advantageous to use the same polymer effective hard-
sphere radius to characterize the polymer for both protein-
polymer and polymer-polymer interactions, that is, RoHS
(since this is required for the thermodynamic analysis).
Accordingly, using the excluded volumes calculated from
eq 12, with Ry,HS taken from Figure 4, and the effective
hard-sphere radii of the polymer coils that characterize
the polymer-polymer interactions (R2.1S) from Table I,
an effective hard-sphere radius of the protein molecules,
R, can be evaluated by rewriting eq 12 in the form

Up - _431(Rpeff + R22HS)3 (13)

The ratio of the effective protein size to the actual protein
size, R,/ R;, evaluated according to the above description,
as a function of PEQ molecular weight is presented in
Figure 5, where it is evident that the protein size used in
eq 13 is a function of the polymer molecular weight. These
predictions follow naturally from the results presented in
Figure 4, and the definition of R *f/R,, namely, R *%/R,
=1+ (RyHS - RHS)/R,. Note that below we identify
R3oH8 with ¢9/2 and Ry*¥f with 0,/2 in eq 6 in order to
evaluate the thermodynamic properties of the system. For
a small protein like cytochrome ¢, an increase in PEO
molecular weight results in a decrease in the effective
protein radius and may be understood in terms of the
increase in Ry M8, relative to RyMS, seen in Figure 4.
Physically, as a function of increasing PEO molecular
weight, the penetrability of the polymer coil toward the
small protein causes Ry,HS to increase more slowly than
RyoHS. Perhaps a less expected result is the observed
increase in the effective protein radius with PEO molec-
ular weight observed for the large proteins. For large
proteins, such as catalase, the effective hard-sphere size
of the polymer used to characterize the protein—polymer
interactions (Rz!S) is more sensitive to polymer molec-
ular weight (increases more rapidly) than is the effective
hard-sphere size of the polymer coil used to characterize
the polymer—polymer interactions(R2HS). This arises from
the fact that the polymer coils are less penetrable to the
large proteins, as can be seen from a careful inspection of
Figure 4.

It should always be kept in mind that the effective hard-
sphere size of the protein used in eq 6 for the protein
chemical potential reflects the nature of both protein-
polymer and polymer—polymer interactions. Clearly, this
approach will only be successful in the limit of vanishing
protein concentration, where interactions between proteins
have a negligible effect on the protein chemical potential.
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Figure 6. Predicted standard-state protein chemical potential
ina 10% w/w aqueous PEO solution relative to that in a solution
of PEO 3000 Da, Au®, as a function of PEO molecular weight,
M;: (a) cytochrome ¢, R, = 19 A; (®) ovalbumin, R, = 29 A; (®)
catalase, R, = 52 A. Theerrorbars extend onestandard deviation
on either side of the mean value.

4. Evaluation of the Standard-State Protein
Chemical Potential

To evaluate the standard-state protein chemical po-
tential using the effective hard-sphere sizes evaluated in
section 3, as indicated above, we identify RgoHS with ¢y/2
and R*f with 0,/2in eq 6. Figure 6 presents a prediction
of the change in the standard-state protein chemical
potential, Au®;, as a function of PEQ molecular weight,
M,, for three proteins of differing size and for solution
conditions corresponding to 10% w/w PEQ in water (as
discussed in paper 1, this PEQ concentration is typical to
that encountered in the top PEO-rich phase of a two-
phase aqueous polymer system containing PEO and dezx-
tran).1® For the smallest protein species, cytochrome ¢
(A), a negligible change in the standard-state protein
chemical potential is predicted to accompany changes in
PEO molecular weight from 3000 to 5500 Da, subject to
the statistical uncertainty introduced by the evaluation
of the protein—polymer excluded volume using the Monte
Carlo method. The change in the chemical potential is
amplified by the proteinsize. For example, the prediction
for the change in the standard-state chemical potential of
catalase (@) shows a statistically significant decrease with
an increase in PEO molecular weight. On the basis of eq
1, it is evident that this decrease in the standard-state
protein chemical potential translates into a predicted
increase in the protein partition coefficient with increasing
PEO molecular weight. This reuslt is in direct contrast
to the trends observed experimentally, where increasing
PEO molecular weight resulted in a decrease in the protein
partition coefficient.?223 Therefore, within the approx-
imations of the thermodynamic formulation presented in
this paper, it appears that on the basis of entropy alone
(steric interactions) it is not possible to account for the
observed partitioning behavior of proteins in the PEO-~
dextran two-phase aqueous polymer system.

One approximation in the above treatment is the
representation of the protein molecules asspherical bodies.
Indeed, many proteins are rather more ellipsoidal in shape
with ratios of the major and minor axes of approximately
3.5258 To assess the role of the more detailed protein
geometry on the partitioning behavior, we have investi-
gated the influence of introducing asymmetry in the
protein shape. The Monte Carlo method developed for
the evaluation of the protein-polymer interactions is well
suited for this investigation, and geometries more intricate
than ellipsoidal ones could also be treated readily.

Figure 7 shows the influence of the protein shape on the
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Figure 7. Predicted effect of protein shape asymmetry on the
standard-state protien chemical potentialin a 10% w/waqueous
PEOQ solution relative to that in a solution of PEO 3000 Da, Au®,,
as a function of PEO molecular weight, M,. The protein volume
corresponds approximatelg to that of bovine serum albumin: (W)
sphere with radius of 35 A; (@) ellk:soid with a semimajor axis
of 79 A and a semiminor axis of 23 A. The error bars extend one
standard deviation on either side of the mean value.

change in the standard-state protein chemical potential,
Ap®,, predicted to accompany a change in PEO molecular
weight, M>. Keeping the volume of the protein constant
(which, for the sake of illustration, corresponds to the
volume of a BSA molecule), the aspect ratio of the protein
was increased from 1.0 (B) to 3.5 (@).525% Interestingly,
itappears that an increase in the asymmetry of the protein
will increase (less negative) the change in the standard-
state protein chemical potential. Physically, this arises
because an increase in the aspect ratio of the protein causes
an increase in the magnitude of the excluded volume
characterizing the protein-polymer interactions. The
relatively large magnitude of this effect, as seen in Figure
7, suggests that, for a more accurate and quantitative
prediction of protein partitioning in two-phase aqueous
polymer systems, it will be necessary to account for the
nonspherical shape of most proteins. Furthermore, the
predicted influence of the protein shape on the standard-
state protein chemical potential suggests that protein
partitioning should be sensitive to changes in the con-
formational states of proteins.

5. Attractions and the Standard-State Protein
Chemical Potential

In paper 1, in addition to revealing the (competing)
contributions of steric protein—polymer and polymer-
polymer interactions to the standard-state protein chem-
ical potential, the important role of weak short-ranged
attractive interactions between the protein and the
polymer segments was examined.!? For this purpose,
qualitative scaling-type arguments were used. The con-
clusion of that investigation was that weak attractive
interactions influence the standard-state protein chemical
potential in a manner which is consistent with trends
observed experimentally. The primary aims of thissection
are (1) to assess the validity of the scaling-type arguments
through a simple Monte Carlo calculation and (2) to
determine the strength of attractive interactions that
would be sufficient to account for the experimentally
observed influence of PEO molecular weight on the protein
partition coefficient.

The treatment of the attractive interactions between
the protein and the polymer-coil segments utilizes a hard-
sphere perturbation approach,3! which has been successful
in describing the influence of weak attractions on the equi-
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librium phase behavior and light-scattering properties of
other colloidal systems. #5455 This approach relies on the
fact that, for systems with weak interactions, the attractive
contribution to the osmotic pressure remains of order p?,
where p is the number density of a species in solution, up
to quite high number densities.40545 T¢ second order in
number density, the osmotic pressure, II, for a solution
containing a mixture of species can then be written as’!

)

where Iy is the hard-sphere contribution to the osmotic
pressure, p; is the number density of species i, and B;2%
is the attractive portion of the second virial coefficient for
species i and j, defined as

By =1 2f (1-¢Vi"0) & (15)

where VijU(r) is the contribution of the attractive inter-
action to the potential of mean force between species i
and j which are separated by a distance . In the notation
of statistical mechanical perturbation theory, V;®(r) is
the perturbation potential relative to a reference system
(which, in our case, is the pure hard-sphere system treated
in sections 3 and 4).

Under the constraint of constant solvent chemical
potential, the contribution of attractive interactions of
the form given in eq 14 to the standard-state chemical
p;l;gntia.l of species i in a mixture of other species j is given
b

[uo)™/kT], =2)_B,*; (16)
J

For amixture of proteins (species p) and polymers (species
2) dispersed in a solvent (species 1) at vanishing protein
concentration (o, — 0), eq 16 for i = p reduces to

[w°,)*/RT], = 2By ", an

Recall that the solvent, species 1, does not appear explicitly
ineq 17 since it is treated in the continuum approximation.
However, the solvent properties do influence the protein
chemical potential; that is, By,** is a function of the solvent
quality, since all interactions in the solution are mediated
by the solvent. Itisinteresting to note that the expression
in eq 17 is identical to that derived in paper 1.1° Here,
however, we wish to evaluate the protein chemical potential
at constant pressure (rather than at constant solvent
chemical potential;see Appendix A). This canbe achieved
readily by combining eq 2, which relates changes in the
chemical potential at constant pressure to those at constant
solvent chemical potential, and eq 17, which describes the
influence of the attraction on the protein chemical
potential at constant solvent chemical potential. The
resulting expression for the contribution of the attractive
interactions to the standard-state protein chemical po-
tential at constant pressure is given by

[(I-‘op)ﬁtt/kT]P = 232;“92 - sz“tvzpzz (18)
where V2 = 4w (R2H%)3/3.

Whereas in paper 1 the attractive contribution to the
second virial coefficient, By,2*, was estimated using simple
scaling-type arguments, here we report a more quantitative
evaluation using a Monte Carlo method. Since Bj**
describes the interactions between a deformable and
penetrable polymer coil and an impenetrable sphere, the
evaluation of this quantity requires that we account for
the influence of both repulsive excluded-volume and
attractive interactions on the configurations that are
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sampled by the polymer coil when residing in the vicinity
of the protein. We approximate this evaluation by the
integral

szltt = 1/2(L°(1 _ e—V(l)zp(r)/kT) d3r> ~
1/211;‘(1 - e-(V“)zp(r)/kT)) d3r (19)

where the angular brackets denote a weighted average over
all possible polymer configurations that (i) do not intersect
the volume occupied by the protein and (ii) satisfy the
constraint that the centers of mass of the polymer coil and
the protein be separated by a distance r. To evaluate
Bap** we have used the approximation presented in eq 19,
where the averaging is performed over the interaction
potential, rather than over the entire integral. This
approximation, which greatly reduces the effort involved
in evaluating the integral, is a good one provided that
|Vap(r)/kT} «< 1. We have assessed the validity of this
approximation using the theory of Barker and Hender-
son® to estimate the size of the term of order (V®y(r)/
kT)2. For a spherical colloid having a radius of 37 A (the
radius of bovine serum albumin), a polymer chain with
147 statistical segments (the size of PEO 8650 Da), and
¢ < 0.1, the truncation error was less than 20%. For the
smaller PEQ molecular weights investigated in the re-
mainder of this paper the truncation error will be less. For
a short-ranged contact-type interaction between the
polymer-coil segments and the protein (as was treated in
paper 1 and isinvestigated here), this average can be simply
evaluated as

{C}
{ V(1)2p(r) ) stee"‘"
kT ©

>

where the summations are over a representative sample
of the polymer configurations, {C}, such that the two criteria
mentioned above are satisfied, m, is the number of contacts
between the polymer-coil and the protein for a given
polymer-coil configuration, and ¢is the energy change upon
bringing a polymer-coil segment from infinity to the protein
surface (¢ is measured in units of kT and is defined to be
positive for an attractive interaction). In view of the
conditions for which the perturbation approach is valid,
that is, for weak long-ranged attractions,31405455 jt jg
interesting tonote that, despite the short-ranged attractive
nature of the interactions between the polymer segments
and the protein, the interaction potential between the
polymer coil and the protein, as evaluated in eq 20, is
slowly varying and long-ranged. Finally, it is relevant to
mention that the above framework is also suitable for
exploring the influence of different types of interaction
potentials on the predicted protein partitioning behavior.

In Figure 8, the contribution of the attractive interac-
tions between the polymer-coil segments and the protein
to the standard-state protein chemical potential at con-
stant pressure, evaluated according to egqs 18-20, is
presented as a function of PEO molecular weight, M.
The quantity reported is the change in the attractive
contribution to the standard-state protein chemical po-
tential, (Au°®,)2%, accompanying an increase in PEO mo-
lecular weight, M, for a fixed protein size corresponding
to that of ovalbumin (R, = 29 A) and three different
interaction energies (¢ = 0.001, 0.01, and 0.1 k7). It is
evident that an increase in PEO molecular weight results
in an increase in the chemical potential of the protein and

(20
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Figure 8. Predicted contribution of the protein—polymer
attraction to the standard-state protein chemical potential in a
10% w/w aqueous PEO solution relative to a solution of PEO
3000 Da, (Au°p)®*, as a function PEO molecular weight, M, for
ovalbumin (R, = 29 A). Polymer segment-protein interaction
energies ¢ (in units of k7): (M) 0.001; (a) 0.01; (@) 0.1.
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Figure 9. Predicted contribution of the protein—polymer
attraction to the standard-state protein chemical potential in a
10% w/w aqueous PEO solution relative to a solution of PEO
3000 Da, (Au°y)%*, as a function PEO molecular weight, M,.
Polymer segment-protein interaction energy ¢ = 0.01 (in units
of kT): (A) cytochrome ¢, R, = 19 A; (W) ovalbumin, R, = 29 A;
(®) catalase, R, = 52 A. he error bars extend one standard
deviation on either side of the mean value.

that the increase is mangified by the strength of the
attractive interaction. Figure 9 illustrates the influence
of protein size on (Au®,)** with an increase in PEO mo-
lecular weight. For the three spherical proteins investi-
gated (R, = 19, 29, and 52 A), the effect of protein size is
also to magnify the change in (Au®p)2. Usingeq 1, it can
be seen that the predicted increase in the standard-state
protein chemical potential translates into a decrease in
the protein partition coefficient with an increase in PEO
molecular weight. This prediction is consistent with
experimental investigations of protein partitioning in the
two-phase aqueous PEO—dextran system, which found that
the influence of an increase in PEO molecular weight is
to decrease the protein partition coefficient.1%:22.23

The numerical evaluations of the influence of attractive
interactions on the standard-state protein chemical po-
tential can be compared to the result of the simple scaling
argument reported in paper 1.1° In particular, for the
condition R, = R;, it was reported that!®

“op att «aR 2
T ~ = —LN3/5 21

and for higher molecular weights, where R; > R, the N
exponent was predicted to decrease to zero.!? For com-
parison, our numerical results for ovalbumin predict an
N exponent of 0.45 £ 0.05 for ¢ = 0.001 as well as ¢ = 0.01,
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Table 11
Predicted Contributions of Steric Repulsions, B3B8, and
Attractions, By,*%, to the Second Virial Coefficients of PEO
and Ovalbumin (R, = 29 A) as a Function of PEO
Molecular Weight, M;, and Strength of Attraction, ¢

M;(Da) ¢(kT) By HS (A%  -By (R%)  -Bystt/By HS
3000 0.01 167 500 4 940 0.03
3500 182 800 5430 0.03
4000 199 400 6 050 0.03
4500 216 200 6 400 0.03
5000 230 900 6610 0.03
5500 246 000 6790 0.03
3000 0.10 167 500 76 050 0.45
3500 182 800 83 490 0.46
4000 199 400 93 920 0.47
4500 216 200 101 730 047
5000 230 900 104 580 0.45
5600 246 000 109 000 0.44

and 0.40 £ 0.05 for ¢ = 0,10, and, therefore, are in agreement
with the simple scaling theory.!? Very similar exponents
were determined for two other protein sizes, correspond-
ing to cytochrome ¢ (R, = 19 A) and catalase (R, = 52 A).

Combining the contributions of both the excluded-
volume interactions (see section 2) and attractive inter-
actions (described above) to the predicted standard-state
protein chemical potential for ovalbumin, it was deter-
mined that an attractive interaction of strength between
0.01 and 0.05 kT per polymer segment can predict the
experimentally observed change in the protein partition
coefficient with PEO molecular weight. For catalase an
attractive interaction of approximately 0.20-0.30 kT is
required, and for cytochrome ¢ an attractive interaction
of only (approximately) 0.01 kT is needed. Thus, on the
basis of this theory, it appears that there may be a
correlation between the size of the protein and the strength
of the attractive interaction required to account for the
change in the protein chemical potential with PEO mo-
lecular weight. This observation is suggestive of an
attractive interaction between the polymer segments and
the entire protein molecule, where the polymer segments
are interacting with the bulk of the protein instead of
solely with its surface. Van der Waals-type interactions
are of this nature, although it is not clear that they are
of sufficient strength to explain the partitioning of the
larger proteins, for example, catalase. Although the precise
origin of the attractive interactions is unknown, it is
interesting to note that their magnitudes are consistent
with neutron-scattering measurements of BSA in aqueous
PEO solutions which are reported in a companion pub-
lication.5® Finally, it is relevant to consider the relative
contributions of the attractions and the steric repulsions
to the total interaction between the protein and the
polymer. In Table II, the two contributions, Bs,H8 and
Ba,*t, to thesecond virial coefficient describing the protein
(ovalbumin, R, = 29 A)-PEO interactions are presented
as a function of PEO molecular weight for ¢ = 0.01 and 0.1
kT. From the comparison presented in Table II it is
evident that, despite the presence of the attractive
interaction, the net interaction between the protein and
the polymer is strongly repulsive. For an attractive
interaction of around ¢ = 0.05 kT (the approximate strength
of attraction required to predict the partitioning behavior
of ovalbumin), interpolation of the results for ¢ = 0.01 and
0.1 kT suggests that the second virial coefficient is
approximately 80% of the value calculated for purely steric
interactions.

6. Discussion

In section 3, we evaluated the effective hard-sphere
radius of a PEO coil, R3,H8, needed to describe the steric
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Figure 10. Predicted change in the standard-state protein
chemical potential in a 10% w/w aqueous PEQ solution relative
to a solution of PEO 3000 Da, Au®,, as a function of PEO mo-
lecular weight, Mz, for ovalbumin (R, = 29 A, ¢ = 0): ¢®) protein-
polymer interaction characterized Gy R;; (a) protein—polymer
interaction characterized by Rz H8. The error bars extend one
standard deviation on either side of the mean value.

interaction of a PEO coil with a globular protein molecule.
Specifically, in evaluating RHS, we accounted for the
increase in the penetrability of the coil to the protein as
the PEO molecular weight is increased. Consequently,
this approach contrasts with previous descriptions of
polymer-colloid interactions in which the polymer-coil
radius of gyration, R;, was used to describe the steric
interaction of a flexible polymer and a rigid colloid.25-30
To assess the importance of taking into account the
penetrability of the PEO coil, we present in Figure 10 a
prediction of Au®,(ovalbumin, R, = 29 A), calculated as
a function of PE6 molecular weight, using both R; and
Ry, H8 to characterize the polymer in the evaluation of the
protein-polymer interactions. From an inspection of
Figure 10, it can be seen that qualitatively different trends
in the standard-state protein chemical potential are
predicted. The characterization of the polymer-protein
interaction using the polymer-coil radius of gyration, R,,
is seen to predict a pronounced increase in the standarcf-
state protein chemical potential as a function of polymer
molecular weight. In contrast, when the protein-polymer
interaction is characterized using Ro,HS (see section 3), an
overall decrease in the protein standard-state chemical
potential is predicted. The difference between the two
predictions arises because the former characterization of
the polymer coil does not take into account correctly the
increase in the penetrability of the polymer coil (to the
protein) as the polymer molecular weight is increased. This
comparison demonstrates the importance of accounting
for the penetrability of the polymer coil in order to describe
correctly the thermodynamic properties of solutions
containing globular proteins and flexible polymer coils.

In section 2, a theoretical framework to determine the
chemical potential of a protein in a polymer solution phase
was presented for the conditions of constant solution tem-
perature and pressure. Inview of the previous evaluation
of the protein chemical potential at constant solvent
chemical potentiall® (paper 1), it is pertinent to examine
to what extent these different thermodynamic ensembles
can influence the predicted protein partitioning behavior.
Physically, the two approaches for the evaluation of the
protein chemical potential differ as follows. In paper 1,
an ensemble at constant temperature and volume was used,
and, accordingly, upon introduction of the protein species
into the system (at constant system volume) a change in
the pressure of the system occurs.!? In the context of the
formulation used to evaluate the protein chemical po-
tential, this pressure change, which manifests itself as a
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Figure 11. Comparison of the predicted standard-state protein
chemical potential in a 10% w/w aqueous PEO solution relative
to a solution of PEQ 3000 Da, Au®;, at constant pressure (W) and
at constant-solvent chemical potential (@) as a function of PEQ
molecular weight, My, for R, = 29 A and ¢ = 0. The error bars
extend one standard deviation on either side of the mean value.

TP’ : TP

Figure 12. Diagram of an imaginary cell divided by a membrane
(dashed line) which partitions a pure solvent compartment (left
compartment) from a compartment containing solvent and two
types of solute macromolecular species, polymers (W) and proteins
(@).

change in the molar and excluded volumes of the species
in the system, was neglected.’® This approximation is
equivalent to the evaluation of the protein chemical
potential in a solution where the chemical potential of the
solvent remains constant upon the introduction of the
protein species. Although this neglect of the pressure
change would appear to become negligible as the size of
the system is made arbitrarily large (and vanishes as 1/L,
where L is a measure of the system size), in evaluating the
chemical potential of the protein, we actually evaluate the
change in the free energy of the entire system (that is, we
integrate over all L), such that the effect of the pressure
change does not vanish.*® In'this paper, we have made no
such approximations and have derived the protein chem-
ical potential at constant Tand P. To assess the practical
significance of the current development, in Figure 11, Au®,
of a spherical protein (R, = 29 A) at constant solvent
chemical potential and at constant pressure is presented
as a function of PEO molecular weight. It is apparent
that, for the prediction of rather subtle changes in the
protein chemical potential, the two approaches can lead
to rather different predictions of the protein chemical
potential. Note that the quantities being compared in
Figure 11are “p(¢2»¢p_’07Tsﬂ-l) —I‘p(¢2"'os¢p_’0’T’“1) and
up(¢2’¢p_,0, T’P) - “p(¢2—'0’¢p_’0,TrP) . Itis apparent that
the change in the protein chemical potential at constant
T and u, is always greater than that at constant 7" and P.
This difference can be understood with reference to the
imaginary experiment presented in Figure 12 (see also
Appendix A). A process involving the introduction of a
species into the right compartment of the cell at constant
solvent chemical potential will result in a higher pressure
(P + IT) within the right compartment as compared to the
same process conducted at constant P. In the latter case,
following the introduction of impermeable solutes into
the right compartment there will be a decrease in the
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solvent chemical potential. This will be reflected in a
decrease in the pressure (P - II) within the left compart-
ment of the cell. Itisessentially this differencein pressure
between the two systems, which corresponds to the osmotic
pressure of the solution, which is responsible for the
difference between the chemical potentials pp-
(¢2y¢p—'oy Tu1) _#p(¢2—'01¢p—’0,T7ﬂ1) and ﬂp(¢2;¢p_’OrTrP)
- ”p(¢2-’0;¢p—’0:TrP)-

Asecond and important difference between the present
development and the earlier scaling-thermodynamic treat-
ment is in the accounting of higher-order interactions. In
particular, with reference to eq 1, a truncation was made
in an expansion which produces an insignificant error only
when (NyUy/ V)2 « 1. As was discussed in paper 1, near
©-solvent conditions for the polymer and for very dilute
polymer solutions, this constraint is readily satisfied.*
However, at polymer concentrations, Ny/V, typically
encountered in two-phase aqueous polymer systems, this
condition is not (typically) satisfied.!® Consequently, the
incorporation of higher-order interactions was a significant
advance in the evaluation of the standard-state protein
chemical potential. It is interesting to note that errors
introduced by the two approximations in paper 1, and
discussed above, tend to cancel each other. That is, the
correct evaluation of the protein chemical potential at
constant T and P, as compared to that at constant 7 and
i1, results in a lower protein chemical potential, while the
incorporation of the higher-order interactions tends to
increase the prediced protein chemical potential.

Finally, a few comments are in order to connect our
conclusions with the suggestions of previous workers. First,
our conclusions appear consistent with those of Forciniti
and Hall,5” who examined (using a virial expansion which
was truncated at second order) the steric interactions
between proteins and polymers (modeling both species
for a variety of different geometries) and concluded that
the influence of polymer molecular weight on the protein
partition coefficient could not be accounted for by steric
interactions alone. Inaddition, our conclusions regarding
the presence of weak attractive interactions between the
proteins studied and PEO are similar to those based on
the lattice model results of Baskir et al.,3%° who also
included an attractive interaction between the protein and
the polymer. However, the mechanism through which the
attraction influences the protein partitioning behavior is
rather different in the two cases. Specifically, ourapproach
recognizes the existence of identifiable polymer coils in
the polymer solution phase and describes the interactions
of polymer coils with the proteins. Baskir and co-workers
considered the polymer solution phase to be a homoge-
neous polymer solution with a uniform concentration of
polymer segments throughout the bulk polymer solution
phase.585 In contrast, in our description of protein
partitioning, we have proposed that it is precisely this
transition from the dilute to the entangled polymer solution
regimes (with increasing PEO molecular weight) which is
the underlying cause of the observed protein partitioning
behavior accompanying a change in PEQ molecular weight.

In concluding, we have presented a new formulation for
the free energy of mizing solutions of proteins and
identifiable polymer coils and have used it to describe
experimental observations on the partitioning of proteins
in two-phase aqueous PEO-dextran systems. The physical
situation we have treated was based on our previous
scaling-thermodynamic approach, which revealed that in
two-phase aqueous polymer systems containing low-mo-
lecular-weight PEO, identifiable PEO coils in the PEO-
rich solution phase interact with the protein molecules. In
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the free-energy formulation presented in this paper, we
have emphasized the importance of including the pene-
trable and deformable nature of the polymer in the
description of the polymer—-polymer and protein—polymer
interactions. Within the framework of the thermodynamic
formulation presented, we have concluded that (1) the
deformability and penetrability of the polymer coils to
the proteins are essential features of protein—polymer
interactions, (2) purely steric interactions between hy-
drophilic proteins (considered here) and PEO coils cannot
account for the observed influence of PEQ molecular
weight on the protein partitioning behavior, (3) the
contributions of interactions between PEO coils, which
are a function of PEO molecular weight, represent an
important influence on the observed protein partitioning
behavior observed to accompany a change in PEO mo-
lecular weight, (4) the presence of weak attractive inter-
actions, of strength 0.01 to 0.1 kT, is consistent with the
observed influence of PEQ molecular weight on the protein
partitioning behavior, (5) deviations of the protein shape
from spherical symmetry can significantly influence the
predicted protein partitioning behavior, and (6) the
evaluation of the protein chemical potential at constant
solvent chemical potential, rather than at constant pres-
sure, can significantly influence the predicted protein
partitioning behavior. While the above conclusions are
based on a comparison of the predicted protein partitioning
behavior (a thermodynamic property of the system) with
that observed in the PEO-dextran two-phase aqueous
system, in a subsequent paper of this series we present the
interpretation of neutron-scattering measurements (which
reflect the average correlations in the solution) in solutions
containing PEO and proteins, which lead to essentially
similar conclusions.®
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Appendix A

The derivation of eq 2 is best described with reference
to Figure 12, which depicts an imaginary cell divided by
amembrane (dashed line) which partitions a pure solvent
compartment (left compartment) from a compartment
which contains solvent and two types of solute macro-
molecular species (right compartment). In what follows,
the solvent will be denoted as component 1, and the solute
species as components 2 and 3. Later, components 2 and
3 will beidentified as the polymer and protein, respectively.
The volume fraction of component i in the right com-
partment is ¢; (i = 1, 2, 3). The system is maintained at
constant temperature, T. Since the membrane is only
permeable to the solvent, the pressure, P, in the right
compartment is different from the pressure, P/, in the left
compartment. In view of the semipermeable nature of
the membrane, the pressure difference across the mem-
brane corresponds to the osmotic pressure, I1, of the mac-
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romolecular solution; that is

P+ II(T,P,¢2,¢3) =P (A1)

Note that to define the intensive state of a three-
component single-phase system, the Gibbs phase rule
requires that four intensive and independent state vari-
ables be specified (for example, T, P, ¢g, ¢3).4®

Consider the system in Figure 12 constrained in such
a way that in the right compartment the total pressure,
P, is held constant. The Gibbs-Duhem equation for the
right compartment is given by

N, dp,(T,P,¢26s) + N, duy(T.P,dy,03) +
N, d“a(T;P \Dorpg) =0 (A2)

where N; and u;(i = 1, 2, 3) are the number of molecules
and the chemical potential of component i, respectively.4?
In addition, under conditions of solvent diffusional equi-
librium between the two compartments, changes in the
solvent chemical potentials in each compartment must be
equal; that is

dﬂl(T;P’¢29¢3) = d“1,(T,P/) (A3)

Furthermore, since the left compartment contains pure
solvent, it follows that, at constant temperature, changes
in the pure solvent chemical potential can only result from
changes in the pressure P, of the left compartment. That
is

du1’(T,P’)=[ “1'( i )] P (Ad)

Finally, expressing the Gibbs free energy of the left
compartment, at constant temperature, as

dG (TP’ \N))p = V' dP’ + p,/ AN/ (A5)

leads to the Maxwell relation
[ay'l,(T’P’) aV’] = Vy°
T,Nl N/’ 1

where V°; is the molecular volume of the pure solvent in
the left compartment.*® In view of eqs A3, A4, and A6 it
follows that

(A6)

dﬂ1(TvP:¢2s¢3) = V1° dP (A7)

At constant P, eq Al implies that dP = -dII(T,P,¢s,¢3).
Using this result in eq A7, and subsequently inserting the
resulting expression for du; in eq A2 yields

Nz dﬂz(T’Pyd’z,d’s) + Na dﬂs(T,P.d’z:d’a) =
N,V°, dII(T,P,¢,,65) (A8)

Differentiating eq A8 with respect to ¢, at constant T, P,
and ¢; yields

0#2] 3#3] [an]
N. [ =N,V | — (A9)
¢, T,P¢ Lavpdrp,, 1 'hddpdrp,,

In general, the osmotic pressure in the right compartment
is a function of temperature, T', pressure P, and the volume
fractions, ¢oand ¢3. For the case of incompressible solutes
and constant temperature, 7', assumed in this derivation,
the osmotic pressure on the right-hand side of eq A9
becomes a function of only ¢ and ¢s. Therefore, since the
osmotic pressure is independent of both the system
pressure and the solvent chemical potential

[an<¢2,¢3)] [an(d’z’d’s)

(A10)
8¢, Ty

TP
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In view of eq A10 and utilizing volume fraction units (¢;
= N;V°,/V, where V°; is the molecular volume of com-
ponent ; and V is the volume of the right compartment),
eq A9 leads to the central result that

- [6“2] 9“3] [BII]
+ (A11)
d¢od 1pp, sb0dydrp, =4 06yd 1,0,

The importance of eq A1l rests in the fact that it relates
the chemical potentials of the macromolecules at constant
pressure, P (the left-hand side of eq Al1) to a thermo-
dynamic property of the same system at constant solvent
chemical potential, u;. An equivalent expression to eq
All can be obtained by differentiating eq A8 with respect
to ¢3, rather than ¢,, at constant ¢, T, and P.

To evaluate the right-hand side of eq A1l, it is useful
to consider an alternative constraint imposed on the system
shown in Figure 12 where now the pressure P in the left
compartment is held constant (along with the tempera-
ture). Under these conditions, in view of eq A4, the solvent
chemical potential in the left compartment, u'(T\P), is
constant. In that case, eq A3 implies that

dﬂl(T»P,¢2;¢2) = dﬂl,(T»P’) =0 (A12)

In addition, at constant P, eq Al implies that the pressure

change in the right compartment, dP, is equal to the
osmotic pressure change, dII; that is

dP = dIK(T,P,¢,,¢3) (A13)

For the right compartment, under isothermal conditions
and using eq A12, the Gibbs-Duhem equation takes the
form4®

Nz dp.z(T,P,¢2,¢3) + N3 dﬂs(T,P;¢2,¢3) =VdP (Al4)

Substituting eq A13ineq A14 and utilizing volume fraction
units lead to the result

$y P3
V° d“z(T7P7¢2’¢3) + o Vo dﬂ3(T,P,¢2,¢3) = dn(TvPs¢2s¢3)
(Al15)

Differentiating eq A15 with respect to ¢, at constant T,
#1, and ¢3 yields

) 6#2] ¢ [Gua] [an]

= == + =] =2 = (A16)

Ve,ldgydy, o Vosldbpdr, o Lodpdr,
Multxplymg eq Al6 by ¢; and substltutmg the resulting

expression for ¢;(011/0¢2)T,,¢, in the right-hand side of
eq All yield

¢z a“z] + 28 b3 [aﬂ-s] ¢1¢2 aﬂz] +
Lo d rp,  Vo3lddpdrp,, 2 LG 7, 6,
¢1¢3 6u3]
Vo, Lag,d,, , A7

The equivalent expression to eq A17, which accounts for
the variation of the chemical potentials with respect to
the volume fraction of component 3, is given by

8#2] aﬂs] ¢1¢2 a“z]
V°2 9¢3d1p,, V°3 d¢3drp,, ~ Ve, Lag, Tty
¢1¢3[aﬂ3]
Al8
30, _— (A18)

With the knowledge of the chemical potentials u; and 3
at constant solvent chemical potential, that is, the terms
on the right-hand sides of eqs A17 and A18, these two
equations provide coupled differential equations whose
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solution yields expressions for the chemical potentials, ug
and g, as a function of compositions, ¢ and ¢3, at constant
pressure, P, and temperature, T.

To connect the formulation presented above to the
protein partitioning problem, we identify component 2
with the polymer species and component 3 with the protein
species. Accordingly, component 3 is renamed as com-
ponentp. Itisnoteworthy thatinthe protein partitioning
case, the solution of eqs A17 and A18 for the protein and
polymer chemical potentials is simplified considerably by
the fact that we are concerned with the limit of vanishing
protein concentration, namely, ¢, — 0.1° Therefore, we
do not need to solve eq A18 since this equation describes
the dependence of the protein and polymer chemical
potentials on protein concentration. Furthermore, in eq
A17, the polymer chemical potential, us, become inde-
pendent of protein concentration; that is, in the limit of
vanishing protein concentration, the contribution of the
protein to the osmotic pressure is negligible, as compared
to the polymer contribution. Thus, in eq A17, the terms
describing the polymer chemical potential are independent
of the terms involving the protein, while the protein
chemical potential is dependent on the polymer presence
(since this determines the osmotic pressure of the solution).
Therefore, eq Al17 yields the two equations

1 [oe.] ¢y [0k, ]
—| =2 =_L] 2 (A19)
V°2 .a¢2d T,.P,ltp ‘/°2 _6¢2. T'“l'd’p
and
1 -aﬂp- ¢1 -aup-
—] -t =—] — (A20)
v lagd s, = Vo La6,1s,

Note that eq A19 can be derived by considering simply a
two-component system containing polymer and water. The
solution of eq A19 provides the polymer chemical potential
at constant pressure. However, since our interest is in the
influence of the polymer concentration on the protein
chemical potential, we need tosolve only eq A20. Equation
A20 can be rewritten as

. a“p] aMp]
—_— (A21)
1-¢,Lo0drp,  Lododr, 4

where the approximation, ¢; = 1 - ¢2 — ¢ = 1 - ¢y, valid
for vanishing protem concentrations, has been used.
Equation A21 is a central result that is used in section 2
to evaluate changes in the protein chemical potential at
constant pressure from changes in the protein chemical
potential occurring at constant solvent chemical potential
(see eq 2). Specifically, the usefulness of eq A21 results
from the fact that the term on the right-hand side has
been evaluated previously from an equation of state for
the case of hard-sphere mixtures.*0
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